We study the real-time dynamics of a periodic X Y system exposed to a composite field comprised of a constant homogeneous magnetic and a quantized circularly polarized electromagnetic fields. The interaction between the quantized mode and spin-magnetic moments is modeled by the Dicke Hamiltonian. The rotating wave approximation is applied and the conditions for its validity are discussed. It is shown that if at the beginning of the dynamic process all of the excitations are contained in the field then, in the regime of large detuning, the main evolutionary effect is the oscillations of the excitations between the zero-momentum modes of the chain and the field. Accordingly, the reduced photon number and magnetization per site reveal a sort of oscillatory behavior. Effective Hamiltonians approximating the short-time dynamics of the actual problem for small number of excitations and large detuning are introduced. The resonance case is considered in the context of photon emission from the chain initially prepared in the (partially) excited state. In particular, it is demonstrated in the framework of a specific example that the superradiant behavior can be presented in the beginning of the emission, when the evaluation starts from maximally excited X Y chain. The model is potentially applicable to problems such as spin chain/linear molecular aggregates in a single-mode cavity.
I. INTRODUCTION
Light-matter interaction is an important mean in condensed matter physics. It provides useful insights into the material's behavior and can be used to manipulate its physical properties for engineering new devices for different applications. In particular, the manipulation of magnetic ordering and thus the magnetic properties of spin systems by laser pulses has attracted an increasing interest due to potential applications in spintronics and quantum information, see e.g. [1] [2] [3] and references therein. For practical purposes, a commonly used approach consists in using focused ultra-short laser pulses [4, 5] to control, more generally, the dynamics in magnetic systems, such as, ferromagnetic [6] , antiferromagnetic [7] or ferrimagnetic materials [8] . Thus, a single ultrafast laser pulse can permanently affect the dynamics of a spin even in the absence of a magnetic field [9, 10] . This would not have been possible without the technological advancement that made the synthesis of low dimensional spin systems achievable [11] , on one hand and a better understanding of light-matter interaction to bring new tools for manipulating quantum states -a key ingredient for the ultimate goal of quantum information -the quantum computer, on the other. Furthermore, the lightmatter interaction can be used to model quantum simulators (see e.g. [2] and references therein), to engineer a new generation of atomic clocks [12] , etc.
In quantum optics, the basic models describing a system consisting of two-level atom(s) interacting with a single mode of quantized electromagnetic field are: The JaynesCummings [13] , the Tavis-Cummings [14] , and the Dicke [15] models. The Dicke model describes a set of independent two-level systems interacting with a photon mode. * boradjiev@issp.bas.bg Within the Rotating Wave Approximation (RWA) the Dicke model reduces to the Tavis-Cummings model, which in the case of a single atom turns out to be the Jaynes-Cummings model. Over the years, these models have been and are continuously studied and extended in a great many directions, such as transient and steady-state superradiance [15, 16] , superabsorption [17] , the validity of RWA [18, 19] , the high detuning limit [20, 21] , the inhomogeneous versions of the models [22] , etc. When switching on the interaction among the constituting atomic spins in the Dicke (Tavis-Cummings) model it is possible to end up with a physically rich system, where light and matter interact [23] [24] [25] [26] . Depending on the specificity of the problem different ways can be used to (effectively) model the interaction. A widely used spin model is the exactly soluble quantum X Y model with nearest-neighbor interaction [27] [28] [29] .
In this paper we study the behavior of the quantum X Y spin chain subject to a constant homogeneous magnetic field and to a single mode of quantized electromagnetic field. The respective interaction is described by the Zeeman term which couples the spin magnetic moments to the magnetic fields. Instead of a spin chain one can think of a X Y system of interacting two-level atoms and a Stark term describing the interaction between the atomic electric dipole moments and the electric component of the mode. Then the formal Hamiltonian does not change, which makes the obtained results applicable to both types of problems. Here, we do not account for decoherence mechanisms, that is we deal with a closed system that does not interact with the outside world. Hamiltonian of our system may be written down as the sum of the quantized free electromagnetic field, the X Y model and the Dicke Hamiltonian. Applying the Rotating Wave Approximation to the Dicke Hamiltonian we explored the dynamics of the model depending upon the relevant parameters. This allowed us to find the domain of validity of studies based on the X Y interaction in empir-ical models [23] [24] [25] [26] . The model under consideration may find applications in problems related to a bosonic mode in a spin-bath, spin chains or linear molecular aggregates in a single-mode cavity, and in the study of superradiant and superabsorbing systems.
The rest of the paper is organized as follows. We proceed with the description of the model in Section II. Section III is devoted to the conditions for validity and application of RWA. In Sec. IV the model Hamiltonian is transformed to the fermion basis diagonalizing the X Y chain part. Some notations and definitions are given in Sec. V. In Sec. VI the exact analytical solution for the single excitation case is derived. Section VII deals with the formal solution for the general (multiple excitation) case. Also, the results from numerical simulations in the large detuning regime, given that at the beginning all the excitations are in the field, are presented. In Sec. VIII effective Hamiltonians approximating the Hamiltonian under consideration are obtained. In Sec. IX the evolution of the system, when all the excitations are contained in the spin chain at the beginning, is considered. The summary of the results is given in Sec. X. There are two appendices. In Appendix A we present the detailed calculation of the conditions for the RWA. In Appendix B we recall the diagonalization procedure for the X Y spin chain model, discuss its ground state, and derive the full Hamiltonian in the respective basis.
II. THE MODEL
The Hamiltonian of a chain of interacting (effective) spins, placed in a magnetic field readŝ
where, assuming that the component of the magnetic field along z-direction is time independent, the quantized free electromagnetic field HamiltonianĤ F F is given bŷ
wheren x andn y are the number operators for the x and y polarized components of the magnetic field, and ω is the frequency of the field. Here we skip the zero point energy.
In (1), the Hamiltonian, describing the interacting spin system is given by the X Y spin model [27, 28] 
where J is a coupling constant andŜ i are dimensionless spin-1 2 (pseudo-)vector operators, whose components obey the following commutation relations
with i , j labeling the sites. The remaining part of (1) is given bŷ
where we define the magnetic fieldB, and the interaction betweenB and the magnetic momentsμ S i associated with the spins in the X Y model.
To proceed further, we use the relation between the magnetic moments and the spins, i.e.μ S i = −2µŜ i , where µ is the Bohr magneton. Moreover, we assume that the constant homogeneous magnetic field is applied along the zdirection and a quantized electromagnetic mode with wave vector along z-axis interacts with a number p of spin magnetic moments only (the effect of the electric component of the field is neglected). Moreover, we suppose that the spin chain resides in the (x, y) plane, and therefore, it is reasonable to work in the dipole approximation (e ±i|k| z ≈ 1). For convenience we depicted schematically the system in Fig.  1 . With the above assumptions we can write the interaction term aŝ
Hereâ x,y andâ † x,y are the anihilation and creation operators for the linearly polarized field, Ω parametrizes the coupling between the spins and the circularly polarized magnetic field, and ω 1 parameterizes the coupling between the spins and the constant component of the magnetic field. Note that if the sum in the first term runs over 1 ≤ i ≤ p, thenV would coincide with the Dicke model [15] . Because of the specificity of the problem it will be more convenient to introduce a set of creation and annihilation operators for circularly polarized field defined viâ
with the following canonical commutators
and the spin ladder operatorŝ
that satisfy the commutation relations
In terms of the operators (7) and (9), Hamiltonian (1) takes the form
where we define the detuning ∆ = ω 1 − ω and the number operatorsn ± =â † ±â± . In (11) , and from now on, we explicitly consider only this part of the chain with sites i > 1. The terms involving sites with i ≤ 0 can be treated analogously. Moreover, note that we add p 2 ħω to the Hamiltonian in order to obtain the correct number of excitations operator.
III. ROTATING WAVE APPROXIMATION
The essence of RWA consists in neglecting corrections that are inversely proportional to the frequency ω and its higher degrees in the solution of the Scrödinger equation. In problems, like Jaynes-Cummings model [13] , it is usually assumed that the field is tuned near resonance, so that the detuning ∆ = ω 1 − ω is orders of magnitude smaller than ω 1 + ω ∼ 2ω, the interaction constant Ω is much smaller than the photon frequency so αΩ ≪ ω, α ≈ n, and the time of the process is much longer than the period of the field T ≫ 2π/ω. For its p-spin generalization -the TavisCummings model -one of the conditions needs to be modified, namely
The condition (12) is best fulfilled in the case of left circularly polarized field-mode. This is exactly what we will be concerned with in the following. Then the right circularly polarized photons may appear only due to the counterrotating terms, and hence, α − ≤ 1. For the Dickie part (11b) of the HamiltonianĤ (11a) with J = 0, we find that the RWA can be applied provided also that
The above follows from the requirement of the convergence of some perturbation series. More rigorous calculations might lead to a less restrictive requirement. Furthermore, we find that the same conditions, T ≫ 2π/ω and (12, 13) , are sufficient to ensure the validity of the RWA for the Dicke part ofĤ (11a) in the large detuning regime (∆ → −ω) as well.
We would like to keep the X Y terms unaltered when performing RWA. To this end we need one more sufficient condition
and to consider the X Y chain in the nearest-neighbor approximation placed in a cavity. The latter guarantees that all the spins interact with the photon mode. Due to the very restrictive condition (14a) we will concentrate our efforts mainly on the large detuning regime. More details and the sketch of the proof of the above estimates is outlined in Appendix A.
In the framework of RWA there are a couple of important consequences, that help us simplify Hamiltonian (11): First, we neglect any term containing right-hand circularly polarized components of the field that do not conserve the energy, such asâ † −Ŝi+ andâ −Ŝi− , and we setn − = 0. Second, since the number of excitations operatorN commutes with the ensuing approximated Hamiltonian, it is an invariant quantity (a constant of motion).
With the above simplifications, apart from the constant ħωN , the Hamiltonian of the X Y chain interacting with the photon mode splits into the sum of two parts: The TavisCummings HamiltonianĤ T C [14] and the X Y spin HamiltonianĤ X Y <p [27] [28] [29] , that are well known exactly solvable models. That isĤ
Henceforth we omit the "+" subscript on the photon creation and annihilation operators and will not be worried too much about the fulfillment of the conditions for the validity of RWA. The main goal will be to make the dependencies on the parameters more lucid.
IV. DIAGONALIZATION OF X Y PART OF THE HAMILTONIAN
To be more specific, here and below, we consider the periodic X Y model in the nearest-neighbor approximation, and we assume an even number of sites p. Note, that the periodic boundary conditions,Ŝ p+1± =Ŝ 1± , imply that the upper bound of the double sum in the X Y Hamiltonian (15c) must be changed from i = p,
In order to analyze the Schrödinger equation with Hamiltonian (15), we transformĤ so thatĤ X Y may be diagonalized [23, 25, 29] . The diagonalization procedure is outlined in Appendix B 1. This yielŝ
witĥ
whereη kσ andη † kσ are Fermi operators obeying the canonical anti-commutation relations
the energies (in units of 2J ) Λ kσ for the free X Y model read
and the quasi-momenta summations run over the p discrete values in the Brillouin zone (B Z )
The lower index in quasi-momentum is omitted everywhere except in cases of summation over η in Sec. VII A.
V. BASIS AND PHYSICAL QUANTITIES
In this Section we define the basis in which we will further write the matrix form of the Schrödinger equation and define the relevant physical quantities for the description of the dynamics of the system.
A. Basis states
We consider the regime of strong magnetic field B z , quantified by the condition ħω 1 ≥ 2J , when the ground state of the X Y model interacting with B z is the free of η-quasiparticles (ferromagnetic) state, see Appendix B 2 a. Assuming that at the beginning of the process the excitations of the system are contained in the photon field and that the X Y model subject to B z field is in its ground state, we define the initial state to be the (p + 1-dimensional) product state
where N and 0's stand for the photon and η k 's occupation numbers, respectively. Henceforth, we will also use the following shorthand notation [30] 
for the eigenstates of the X Y chain. The number of excitations N is a conserved quantity, determined by the initial state. So the dynamics of the system is restricted to the D p,N -dimensional,
subspace of the Hilbert space (N -sector) spanned by the basis states
Obviously, here m stands for the number of excitations in the X Y -chain. An arbitrary state in the N -sector can be always given by the expansion
where A m − → η m (t ) are time-dependent probability amplitudes.
B. Physical quantities
We are interested in the influence of the spin chain on the field and vice versa. Nonetheless, we are not interested in the probability for the specific state of the chain but rather in the expectation values of operators corresponding to relevant physical quantities. Therefore, to describe the evolution of the system in state |ψ N (t )〉, as in Refs. [22, 25] , we consider the reduced photon occupation number
and in addition, the (dimensionless) magnetization per site of the X Y spin chain
Note that Eq. (28) is the result of the invariance of the number of excitations operator Eq. (15b), which also implies that P ph (t ), m(t ), and p/N are not independent quantities.
VI. SINGLE EXCITATION
The case of a single excitation in the system is of peculiar interest since its solution can be obtained in a closed form. Moreover, this result will set the basis for our further considerations.
As we start from the initial state (21) with N = 1, the dynamics of the system is restricted to the states describing single excitations. The only possibly non-vanishing transition matrix elements of Hamiltonian (16) are
and their Hermitian conjugates. The exponents in (16c) are effectively unity for these transitions. Thus they can be replaced by mathematically identical (effectively unit) JordanWigner string operators [31] ,
(31) Then by means of Jordan-Wigner transformations we define a set of half-spin operatorŝ
obeying the following commutation relations
With the aid of these operator variables we can rewrite Hamiltonian (16) in the following form
withĤ
and
In (34a), we have used the relation
which is a direct consequence of the orthogonality condition (18) . Apart from the operatorN , Hamiltonian (34a) consists of two additional terms -k∈B Z ,k =0 P kΣk z andĤ JC . The first one is also a constant of motion
that describes the free evolution of two-level systems with excitation energies P k . The second term, i.e.Ĥ JC given explicitly in (34b), describes the field-induced dynamics of the X Y system. It corresponds to the Jaynes-Cummings model for a two-level system interacting with a single-mode quantized cavity field. Since only the zero-momentum mode is involved in the interaction described by (34b), the dynamics is confined to the two-dimensional subspace {|Φ in 〉, |0;
with
|0;
where the spin chain subsystem is contained in the Σ-representation.
The solution of the Schrödinger equation with HamiltonianĤ JC (34b) and initial condition |Φ in 〉 (37b) reads [13] |Φ(t )〉 = − i sin E + t ħ sin φ |0;
where the angle φ and the eigenvalues E ± are given by
We can now write down the solution of the problem of interest, namely the solution of the Schrödinger equation with Hamiltonian (34a) and initial condition |ψ in 〉 ≡ |1; − 
The solution is obtained by recovering the constants that add up to the phase
Note that the initial condition |ψ in 〉 takes the same form as |Φ in 〉. To avoid any confusion, we remind that the former is related to a real-space configuration in the spin representation (whereŜ i operate), while the latter is related to a momentum space configuration in the spin Σ-representation (whereΣ k operate). Since both reflect the same physical state, though in different bases, we have |ψ in 〉 ≡ |Φ in 〉.
From (38) we have for the time-dependent probabilities of the excitation in the zero-momentum mode and in the field-boson, respectively,
The probabilities oscillate, reflecting the transfer of excitation between the field and the spin chain, with frequency E + /ħ, and an amplitude determined by the angle φ. It is clear, see the definitions (39) , that with an increase of the absolute value of the detuning |P 0 | the amplitude of the oscillation decreases while its frequency increases. Obviously, the magnetization per site (28) also has oscillatory behavior.
A remark concerning the range of validity of the results in the large detuning regime is in order. The amplitude of the oscillation depends on the ratio Q/P 0 ∼ 2pΩ/∆, combined with the RWA condition pΩ/∆ ≪ 1 leads to the requirement Q/P 0 ≪ 2/p. The latter puts an upper bound on Q/P 0 for which our considerations are valid. The bound increases as the number of spins p decreases and thus the amplitude of the oscillations of P ph (t ) and the magnetization m(t ) might become larger within RWA.
An example of dynamics of the probabilities for an excitation is plotted in Fig. 2 . Two cases are consideredanti-ferromagnetic (J > 0) and ferromagnetic (J < 0). Due to the larger absolute value of the detuning |P 0 |, the amplitude is smaller and the frequency is higher in the case of a ferromagnetic spin chain. The physical reason to have larger |P 0 | is that the energy −2|J |Λ 0 of the zero-momentum mode in the ferromagnetic X Y chain is lower. Even for the anti-ferromagnetic chain, the reduction of the magnetization does not exceed 5%, for this specific choice of parameters.
VII. GENERAL (MULTIPLE EXCITATION) CASE
Here we recall the explicit form of the Hamiltonian matrix elements and the formal solution of the problem, which are then used for the numerical computations.
A. Formal solution
Here we turn our attention to the general case of multiple excitations, when the number of excitations does not exceed the number of spins, N ≤ p.
In this case, up to an irrelevant constant, the matrix elements of Hamiltonian (16) are given by [32] 
With E− → η m is the total energy of the m excitations of the X Y chain in the state | − → η m 〉,
is the collective spin operator matrix element,
where
is the Kronecker delta function,
is the momentum transfer between the corresponding states, and
Note, that for non-vanishing off-diagonal matrix elements the number of η-excitations can only differ by one. With this at hand, for any N -sector, we can write the Schrödinger equation in matrix form in the basis {|N − m; − → η m 〉}, and integrate it to find the probability amplitudes
A(t ). Formally, we have
A(t ) = exp − it ħ H A in , A in = (1, 0, 0, . . . , 0) T .(50)
B. Numerical results
The dynamics of the reduced photon number P ph (t ) and magnetization per site m(t ) for various values of the number of spins p, total number of excitations N , and detuning ∆, is shown in Fig. 3 . Particular cases near resonance ∆τ ≪ 1 (τ = 1/|Ω|) are not considered here, while the on-resonance regimes will be discussed in Sec. IX. In this Section we explore the regime of large detuning ∆τ ≫ 1.
As a general remark we see that Fig. 3 reveals an oscillatory behavior of P ph (t ) and m(t ) with frequency slightly dependent on the values of p and N . In fact, the frequency depends mostly on ∆ and J , for fixed coupling Ω.
In Fig. 3 a) several curves represent the behavior of P ph (t ) for different values of p and N , at fixed ratio p/N . With the increase of their values the amplitude also increases, because the larger part of the excitations is exchanged between the field and the chain. The curves in Fig. 3 b) represent the magnetization m(t ) for the same set of values p and N as in Fig. 3 a) . The figure is completely analogous to Fig. 3 a) , that follows from (28) , where for p/N = 2 we obtain P ph (t ) = m(t ).
The dynamics of P ph (t ) for different values of N and fixed p is shown in Fig. 3 c) . We observe that the amplitude of P ph (t ) is almost independent on N . In Fig. 3 d) the dynamics of the respective magnetization m(t ) is shown. Contrary to the P ph (t ), the amplitude of m(t ) is increasing against N . We see exactly the opposite behavior in Figs. 3 e) and 3 f) where the dynamics of P ph (t ) and m(t ) are shown for different values of p and fixed N . This can be understood from the expression (28) that shows a symmetry with respect to simultaneous exchange of P ph (t ) and m(t ) together with p and 2N .
In Figs. 3 g ) and 3 h) we observe an oscillatory behavior where the frequency of both P ph (t ) and m(t ) is increasing, while their amplitudes are decreasing, with the increase of the absolute value of the detuning.
The dependence of P ph (t ) on J when J is not a small quantity, though we assume so throughout the paper, is shown for completeness in Fig. 4 . Both the amplitude and frequency depend in a nontrivial manner on J . The behavior of the magnetization m(t ) (not shown in the figure) is qualitatively the same as for P ph (t ).
VIII. EFFECTIVE HAMILTONIANS
In this Section we sketch how one can in principle develop (time-independent) perturbation theory for the interacting X Y -model (16) in the large detuning regime, given that initially all the excitations are contained in the field. We have verified numerically that the found effective Hamiltonians are less precise in the near resonant case.
We showed in the single-excitation case, Sec. VI, that the excitation is shared among the field and the zeromomentum mode of the chain. In the case of multiple excitations, a close inspection of the transition matrix elements in (44), similarly, leads us to the conjecture that the majority of excitations are shared between the chain modes of zero net momentum and the field. Applying this conjecture, we will be able to identify two somehow different perturbative expansions. These are of the form of the expansions of the perturbed tridiagonal Hamiltonian matrix model and of the perturbed Tavis-Cummings model. We will use only the unperturbed Hamiltonians, and will regard them as reference effective Hamiltonians reproducing approximately the short-time evolution in the case of small number of total excitations. The reason not to deal with the correction terms is that they are not given by simple analytic formulas. Depending on the accuracy that is needed, at some point it may become much more practical merely to run a full numerical simulation. 
A. Effective tridiagonal Hamiltonian
The simplest way to apply our conjecture is to restrict the states involved in the dynamics, in zeroth order, to those that possess the set of the smallest (in absolute value) possible momenta for the given number of excitations in the chain. Now, we can build the zeroth-order Hamiltonian H 0 as a sparse matrix with non-vanishing elements -couplings and detunings, determined by the matrix elements between them. Explicit expressions for the latter can be found by means of (44). Concretely, H 0 connects only the
Thence the full Hamiltonian matrix is written in the form
and we can proceed with the perturbation theory in the standard manner. It is seen, that in general the eigenvalues and eigenstates of H 0 , and so the correction terms has to be calculated numerically. Since we cannot find analytical formulas for the correction terms we will not be interested in them further. The unperturbed Hamiltonian H 0 in (52), however, can be considered as an effective Hamiltonian approximating the actual problem, for a couple of periods and a small total number of excitations. After excluding the zero rows and columns the effective Hamiltonian is greatly reduced in size to a (N + 1) × (N + 1) matrix and takes a tridiagonal form. As we have already seen in Sec. VI for a single excitation, H 0 actually generates the exact dynamics. With an increase of N the accuracy of this approximation decreases, because of the increasing number of possible routes from which the probability can leak out of the subspace spanned by the states |N ;
. . . In principle, with the increase of N , one can gradually add the most involved in the dynamics modes and still find relatively simple, more accurate, and small in size effective Hamiltonians. For instance, in Fig. 5 we present both the results obtained with the use of the effective tridiagonal model and the exact solution. Comparison of the curves shows that for this specific choice of parameters, and for short-time dynamics, the deviation of the approximated from the exact reduced photon number is around 5%. 
B. Effective Tavis-Cummings model
Another possible choice for the effective Hamiltonian can be obtained under the assumption of large enough number of sites p when we can neglect the periodic boundary term H b (B4d) which is of order O(p −1 ). This is equivalent to work only in the σ = −1 subspace. Further, since the states most involved in the dynamics are those with zero net momentum of the chain, we can find the zero-order Hamiltonian simply setting k = 0, which is Λ k = 1, ∀k. Switching back to the spin-Ŝ representation, we see that this is nothing but the Tavis-Cummings model, we havê
Comments similar to the ones in the previous section can be made again. Namely, the correction terms will be given either by complex analytical formulas or computed numerically. For that reason we will not deal with the corrections, but rather will treatĤ 0 as an effective approximation. The effective Tavis-Cummings Hamiltonian approximates well (even better than the tridiagonal one) the actual problem for small values of N and for short times as seen in Fig. 5 . Now, let us consider some examples of the dynamics of the system that begins its evolution from a state belonging to another class of initial conditions. The one in which any initial state contains all the excitations in the chain. We are interested in the on-resonance case (∆ = 0) in order to obtain larger transfer of excitation from the chain to the field. Though that here we use initial conditions different than in the previous sections the long term behavior of the quantities is similar regardless of this choice -irregular oscillations around some average value. The reduced photon number P ph (t ) as a function of time and for different couplings J is shown in Fig. 6. Figures 6  a) and 6 b) represent the case when the initial state is the ground state of the X Y model for anti-ferromagnetic (J > 0) and ferromagnetic (J < 0) cases, respectively, see Appendix B 2 b. In Fig. 6 c) the initial state is ferromagnetic with all spins up. Evidently, in small |J | regime (|J |τ/ħ ≪ 1) the dynamics is mainly determined by the one of the resonant Tavis-Cummings model. The behavior of most of the curves in the figures is oscillatory, and the frequency of these oscillations is barely dependent on J . We observe a reduction of the amplitude of oscillations with the increase of |J |, since viewed in the η-fermion basis, |J | increases the effective detuning. In general, further increase of |J | would cause the excitations to stay predominantly trapped in the chain, and thence, decrease of the averaged value of P ph (t ). (The latter effect is not clearly seen in the figures but is additionally verified.) These observations are very well illustrated in Fig.  6 c) where, for the given class of initial conditions, the total number of excitations is maximally possible N = p = 12.
IX. PHOTON EMISSION
In addition, the larger number of excitations in Fig. 6 c) in comparison with Figs. 6 a) and 6 b), leads to more modes involved in the dynamics and more intense exchange of excitations between the chain and the fields. As a result the oscillations of P ph (t ) for large |J | practically disappear. It stabilizes around some average value where an equilibrium between the absorbed and radiated photons from the chain is established. (See the curve corresponding to J τ/ħ = −3 in Fig. 6 c) .)
Another thing to notice is the short-term dynamics in Fig. 6 c) . Concretely, in the first period of oscillation the curves for J τ/ħ = 0, −0.5 lay very close to each other. Therefore, since for the Tavis-Cummings model (J = 0) the system pass through a superrradiant behavior during the emission (m(t ) ≈ 0, P ph (t ) ≈ 1/2), the same can be expected for small values of J [33] . In the second half-period the absorption in the "super" regime [34] is realized as well. The increase of J leads to the suppression of the oscillations involving superprocesses. In Figs. 6 a) and 6 b) the magnetization m(t ) coincides with P ph (t ), and m(t ) ≈ 0 is realized periodically in Fig. 6 a) and only at the beginning in Fig. 6 b) . In Fig. 6 a) the emission rate, as seen, is expected to be small. In the first period of oscillation, in Fig. 6 b) , for J τ/ħ = 0, −0.5, however, we can make a guess that there is somewhat enhanced radiation. The above qualitative considerations are verified numerically by checking the condition
which signals abnormal radiation/absorbtion. Here I 0 and I are the maximum radiation rates of a single spin and of the studied system I , respectively. The condition (54) proves to be fulfilled very well (compatible with the expected values for superradiant behavior) for the first period for the case of J τ/ħ = 0, −0.5 in Fig. 6 c) , and slightly for the first period for the case of J τ/ħ = 0, −0.5 in Fig. 6 b) , as we have already discussed.
X. CONCLUSIONS
In conclusion, we considered the model of a periodic X Y chain system, subject to a constant homogeneous magnetic field, and to a single-mode of quantized circularly polarized electromagnetic field. The geometry of the problem is chosen such that the constant component and the wave vector of the quantized component of the fields are perpendicular to the plane of the X Y chain. The conditions for application of the rotating wave approximation to the Dicke part of the model are examined. We found that in addition to the conditions to discard the counter-rotating terms, in order to keep the rest of the Hamiltonian unaffected, the coupling between the spins has to be perturbatively small and all constituents (spins) of the X Y chain has to interact with the field mode. Then, after application of successive Jordan-Wigner transformation and Fourier transform to the RWA Hamiltonian we continue the analysis in the basis, where the X Y part of the Hamiltonian becomes diagonal. We introduced three quantities to describe the problem: reduced photon number, (dimensionless) magnetization per site and the ratio between the total number of excitations and the number of spins. The conservation of the total number of excitations relates them, so only two of these quantities can be considered as independent.
We were mostly interested in the case when the initial state is a product state of a number state of the field and the ground state of the X Y model in the strong constant homogeneous field. We found the exact analytical solution of the problem in the single-excitation regime. We noticed that there are only two states involved in the dynamics -the state with the photon in the field, and the one with the excited zero-momentum mode of the chain. Then the problem effectively reduces to the solution of the well-known JaynesCummings model, which reveals the quantum Rabi oscillations.
For the general case of more than one excitation we performed numerical computations. It is shown that for the studied choices of parameters (∆ always large), the reduced photon number and the magnetization per site also reveal a sort of oscillatory behavior with frequency dependent on the values of ∆ and J for fixed Ω, and not so much on the values of p and N . Slight dependence of P ph (t ) and strong dependence of m(t ) on N is established. Symmetry with respect to simultaneous changes P ph (t ) ↔ m(t ) and p ↔ 2N is demonstrated. The increase of |∆| is seen to lead to the reduction of the amplitude and increase of the frequency of the oscillations.
Based on the assumption that the vast part of the excitations are shared between the field and the zero-momentum modes of the chain we found two effective Hamiltonians. The first is an effective matrix tridiagonal Hamiltonian acting on the space spanned by the modes possessing zero net momentum, which have the smallest (in absolute value) set of momenta for a given number of excitations in the field. The second is the Tavis-Cummings effective Hamiltonian, found by smearing out the difference between even and odd subspaces and setting all the momenta to zero. The former (tridiagonal) Hamiltonian acts on the much reduced in size Hilbert subspace, that leads to a great simplification of the computations. The latter (Tavis-Cummings) Hamiltonian has the advantage that it is a well-known and largely studied model. It is demonstrated that the effective Hamiltonians generate short-time dynamics that provides a reasonable approximation for small number of total excitations.
The on-resonance situations, when the initial condition is such that the excitations reside in the X Y chain, are also discussed. It is found that the long-term evolution brings the system, generally, in an oscillatory regime around some average value of the reduced photon number. The tendencies of the amplitude of the oscillations and of the average value of P ph (t ) is to decrease with the increase of |J |, and for larger |J | the amplitude of the oscillations decreases with the increase of N . A specific example is considered, with maximally excited X Y chain part of the initial condition, and for small |J |, where the superradiant behavior is presented in the beginning of the emission.
The results presented here can be useful in studying problems as bosonic mode in a spin-bath, spin chains or linear molecular aggregates in a single-mode cavity, and superradiating/superabsorbing systems. 
Once more we use the requirement J T /ħ ≪ 1 to ensure the expansionŜ ′′ i± (t ) =Ŝ i± (t ) + O(t J /ħ). Strictly speaking, for the validity of RWA, the frequency ω must be orders of magnitude larger than any other quantity. In addition, we specifically assume the fulfillment of the condition (A20)
